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1. INTR~DIJCTI~N 
Let F be the free group of finite rank, r, and let F, be the nth subgroup of 
its lower central series. The structure of the factor groups Fn = F,/Fn+l is 
well-known [5, 111. Every Fm is a free Abelian group of finite rank, Q(n). It 
has as a basis the images of the basic commutators of dimension n [4, 5, 181 
under the homomorphism F -+ F/Fn+1 . In [20] Witt found that 
@(n) = ; c p(d) P/d 
din 
where p(d) is the Mabius function [6]. 
The lower central series of groups are important in Burnside’s problem 
[8, 91 and arise in the study of grammars [13]. Thus, it is desirable to deter- 
mine the structure of the factor groups of the lower central series of classes of 
nonfree groups and to find formulas for their ranks analogous to (1 .l). 
In this paper we continue the work of Dark [l], Struik [15, 161, and 
Waldinger [17, 181 by studying the lower central series of groups, G, that are 
free products of finitely generated Abelian groups. Our groups, G, are in 
general not residually nilpotent and are in a sense diametrically opposite to 
the residually nilpotent groups investigated in [14]. 
By the use of Philip Hall’s “collection process” [5, 71 and Marshall Hall’s 
“basic commutators” [4, 51, we obtain our first result: 
* The contents of this paper are part of the author’s doctoral dissertation at the 
Polytechnic Institute of Brooklyn, New York, written under the guidance of H. V. 
Waldinger. 
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THEOREM 2.1. 
where the g,,, are factor groups of the lower central series of the subgroups 
S(m) C G with generators of infinite order, and the gjiin x gm,, are factor 
groups of the subgroups 9(j) C G with generators of either in.nite order or 
order a power of a Fxed prime, pj . 
We will give bases for the free Abelian groups g,,, and determine their 
ranks in Theorem 2.2 by the methods of Theorem 3.4. We will also discuss a 
procedure for finding bases of the gjjn in principle. It is then possible to 
generalize Struik’s Theorem 6 [16] to determine the gjfl for 1 < n < pj + 1. 
The author did not succeed in finding bases of the gjjn for 71 > pj + 1 in 
the general case because of difficulties analogous to those that prevented 
Struik from extending her results to arbitrary factor groups. 
We conclude with Section 3, where we study the special case in which G 
has generators of prime or infinite order. By making use of known methods in 
the commutator calculus [5, 11, 16, 18, 191, we overcome, in our special case, 
the obstacles that Struik encountered. Thus, we obtain bases for the factor 
groups of the lower central series of the special G in Theorem 3.1. Finally, 
adapting methods of Witt [20] and Meier-Wunderli [12], we find formulas 
for the ranks of these factor groups in Theorem 3.4. Note that Theorems 3.1 
and 3.4 contain the results of [l] and [17]. 
We will employ the terminology and methods of [2] and 1181 in this 
paper. 
2. THE LOWER CENTRAL SERIES OF G IN THE GENERAL CASE 
Our groups are free products of finitely generated Abelian groups. Thus, 
where 
G = G(1) t G(2) * *.a + G(s) (2.1) 
G(i) = @ni-l+d x {~,~-~+d x .a. x hJ (2.2) 
such that any generator ck (0 = n, < K < n, = r) has either infinite order or 
order a power of the prime p(k). 
Before proceeding to Theorem 2.1, our first result, we make a remark on 
notation and give preliminary definitions. 
Remark 2.1. Let w = I’$=, c:t (ii = 1, 2,..., r). The cir are generators of 
G except under the three circum&ances below, when they are generators of 
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F = (cl , c2 ,..., c,): (i) 20 is referred to as a basic commutator in the sense of 
[18, Definition 2.11; (ii) the dimension of w, denoted by D(w), is 4 means 
w E F, but w 6 FQ,l; and (iii) it is specifically stated that the ci are generators 
of F. 
Note that the generators in a generator sequence (c) (see [IS, Definition 
3.31) are considered as generators of G, even if c is discussed as a basic 
commutator. 
DEFINITION 2.1 (Analogue of [18, Definition 4.11). A basic commutator c 
is called G-simple if it satisfies four conditions: 
(i) Either c is among the generators c, , ca ,.. ., c, or c = 
(...(Cj, , cj,),..., cju) such that C, > cjl > cjz >, C, and cjz < cj, < ... < 
Cj, < C, for W > 2. 
(ii) I f  D(C) > 1, then (Cj, , cj,) # 1 in G. 
(iii) I f  ci occurs u-times in (c), then 1 < 0 < O(c$) = order of ci in G. 
(iv) I f  D(C) > 2, and (cj, , cj,) = 1 in G for 2 < 7 < w, then cj, < cjl . 
A basic commutator that satisfies (i) is called F-simple. A basic commutator 
that satisfies (i), (ii), and (iii) is called I-simple. Finally, a basic commutator 
that satisfies (i), (ii), and (iv) is called J-simple. 
DEFINITION 2.2. Let p, , p, ,..., p, be the distinct elements among the 
primes p(k). The basic commutator c is of type cc if all generators in (c) 
have infinite order. However, c is of type j (1 < j < Q) if (c) contains a 
generator of order a power of pj , but does not contain a generator of finite 
order relatively prime to pj . 
DEFINITION 2.3. Let V, = G-simple, V, = I-simple, V, = J-simple, 
lJ1 = prefundamental commutator, (Jz = I-commutator, us = J-commu- 
tator. Then, for i = 1, 2, 3: The basic commutator c is a vi if either: (i) c 
is Vi; or (ii) c is not F-simple but each of cL and cR is a ud (see [18, Definition 
2.11). Finally, a prefundamental commutator is a fundamental commutator 
if it is of one of the types 1, 2 ,..., Q, co. 
DEFINITION 2.4. 8(j) is that subgroup of G generated by those generators 
CB (k = 1, 2,..., r) that are Yj , where Y, = (of type co), but Yj = (either of 
type 00 or of type j) for 1 < j < q. Also gjjla is the subgroup of g(j) generated 
by the J-commutators of type j and dimension n, and gi,, is the image of 
-7 
C!?jn under the homomorphism 9(j) -+ 9?( j)n = 9( j)/[S( j)ln+r . (Note that 
the J-commutators of type co are fundamental, and also that we are employing 
the subscript notation of [18, (2.2)]). 
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To obtain Theorem 2.1, we not only need the above definitions, but also 
[5, Theorem 11.2.4; 18, Theorem 3.11 and generalizations of [18, Lemmas 
4.4 and 4.51 to the case where the generators cr , ca ,..., c, have infinite rather 
than prime order. We observe then that any element of G, has the form 
rug,,, , where w is a word in basic commutators of dimension n and types 
1, 2,..., q, co and where g,,, E G,+r . 
Next, consider a basic commutator c of dimension n and a fixed type j 
such that c # 1 in G. By the methods of [18, Lemma 4.51, c is evidently 
rewritten as a word of dimension >n in J-commutators that are Yj . But this 
rewriting of the basic commutators in w yields a direct decomposition of G, 
into images of the gin (j = 1,2,..., q, co) under the homomorphism 
G - G/G,+1 - But these images are isomorphic to the gj,, by the structure 
of the defining relations of G; also gjjn x g,, = [S(j)],J[9( j)ln+r for 
j # co by Definition 2.4. 
Thus, we have established: 
THEOREM 2.1. 
i?,, = G,/G,,, = L&,, x c!&, x *a- x gQn x 9,, . (2.3) 
If c is a J-commutator of type j (1 <j < q) and (c) = (czl, ci, ,..., ci,), 
then ca = 1 mod[B( j)ln+r where p = @ = min{O(qJ O(cis),..., O(Q). It 
follows that gjin is a finite Abelian pi-group (1 < j < q). Furthermore, by 
-7. 
[5, Theorem 11.2.41, 9(j)” 1s found from 9(j) by setting all those J-commu- 
tators = 1 that have dimension >n and are Yi . This process determines 
each gj‘jn(C 9( jp) in p rinciple and yields the following by known methods 
of the commutator calculus [2, 5, 11, 16, 181: 
(I) The gjfl (1 <j < q, 1 < n < p, + 1) have presentations that 
are found by generalizing Struik’s Theorem 6 [16]. 
(II) Each gm, is the direct product of the infinite cyclic groups gene- 
rated by the images of the fundamental commutators of dimension 12 and 
type co. The number of fundamental commutators is then R,* = the rank 
of gm,. 
We will conclude this section with a formula for R,“. 
THEOREM 2.2. Let m, = 0. Suppose that mi of the generators cl , c2 ,..., c,( 
(i = 1, 2,..., s) hawe infinite or&~ [see (2.1) and (2.2)]. Let 
03 
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Urn(x) = 1 + (1 + ~)~a /(s - 1) - $ (1 + z)-(++-j (2.4) 
j=l 
a mn=-- l 1-g log[l - UC&)1 ILlj * 
?Z! 
Then 




JOY n > 1, where p(i) is the kliibius function [6] defined after (3.22). 
Note that Theorem 2.2 is a special case of Lemma 3.12, which is proven in 
the next section. 
3. THE LOWER CENTRAL SERIES OF G IN A SPECIAL CASE 
(a) Statement of the Main Result 
In this final section of the paper, we seek to determine the c, under the 
hypothesis that the generators c1 , ca ,..., c, have either prime or infinite order. 
By Theorem 2.1 it is sufficient to consider the case in which the generators of 
finite order have order p, a fixed prime. Thus, we will suppose in the 
remainder of this paper that O(cJ = p or co for i = 1,2,..., r. 
Before stating the main result of this section we require two preliminary 
definitions. 
DEFINITION 3.1 (Compare with Definition 2.2). The basic commutator c 
is said to be of type co if its generator sequence (c) contains only elements of 
infinite order. c is of finite type if it is not of type 00. 
DEFINITION 3.2. The fundamental commutator d is said to have property 
9, (n = a positive integer) provided: (i) d is of finite type, (ii) w(d, n) = 
[n - D(d)]/(p - 1) is a non-negative integer, and (iii) D(d) > 1 when 12 > 1. 
THEOREM 3.1. Let g, be a fundamental commutator of dimension n and 
type co. Let 
g, = &da.“) (3.1) 
be such that d is a fundamental commutator with property 9,, . Let gi (i = 1, 2) 
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be the image of g, under the homomorphism G + G/G,,1 . Then G,, = G,IG,+l 
is the direct product of all of the groups of order CO generated by the & and of all 
of the groups of order p generated by the & . 
(b) Preliminaries for the Proof of the Main Result 
For our proof we require known theorems in the commutator calculus as 
well as some of their consequences. 
THEOREM 3.2 (see [5, Theorem 11.2.41). Let f  be an arbitrary element of 
F = (cl, c2 ,..., c,). Let dI < d, < ‘** < d, be the basic commutators in F 
of dimension <n. Then 
f  s d:‘d,’ **- dzt mod F,,, (3.2) 
uniquely. 
THEOREM 3.3 [16, 191. Let 9 be thefreegroup (a, b). Let dI = b < dz = 
a < d, < *** < d, be the basic commutators in 9 of dimension \<p + 1. Let 
PI = (a, b), andfor m > 1 let P,,, = (Pm-I , b). (Note that P, occurs among the 
basic commutators of dimension p + 1.) Then 
(a, b”) = [l&P] Q (3.3) 
such that: (i) Q E SP+2 , (ii) 6s = p, (iii) the Ei are divisible by p except for the 
exponent of P, , which is 1. 
Before stating Lemma 3.1, we require 
DEFINITION 3.3. Let w E G, w # 1. w is said to be of finite type provided 
that w = I$-, “7; (the ci, generators of G) is such that given any positive 
integer n the representation (3.2) of nf=, c:; (the ci, generators of F) has the 
property that every di that occurs in it with a nonvanishing exponent, ei , 
is of finite type according to Definition 3.1. 
The following lemmas are easily obtained from Theorems 3.2 and 3.3 
and from Definitions 3.1 and 3.3 by standard methods of the commutator 
calculus [5, 111. 
LEMMA 3.1. I f  c E Gk and is of Jinite type, then either cr = 1 mod G,,, or 
cr=w such that D(w)=K+p-1. 
LEMMA 3.2. Let c = (a, b). Suppose: (i) a E G, , (ii) b E G, and is of 
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$nite type, (iii) D(c) = k = m + Z, and (iv) b is a generator ci when m = 1. 
Then 
cp = [PD(a, b)]-l mod G,,, when m=l 
= (a, by) mod G,,, when m > 1. 
(3.4) 
LEMMA 3.3. Let n > 1. Suppose that (i)fr , fs ,..., f,,, E G, , (ii) h E G,+l , 
(iii) fi , fi ,..., fm , h are of jinite type. Then 
so that fi*, fi” ,..., fmp E G,,,-, and g E G,,, . 
(c) Proof of Theorem 3.1. 
We start our proof by establishing relationships between basic commu- 
tators, I-commutators and fundamental commutators through the use of 
Lemmas 3.1-3.3. To state the relationships we first give 
DEFINITION 3.4. Let I’, = I, V, = fundamental. Let w E G, . I f  w is a 
basic commutator, c, suppose that 12 = D(c). Then for k = 1, 2: the element 
w is Vk-commutator representable, if 
(3.6) 
where: (i) cil < ciz < 1.. < cj, are Vk-commutators of dimension di = 
n - ~(p - 1) in the order of [18, Definition 2.11, so that 71 > di > 1 if 
Q > 0, (ii) rli = 0 if cii is of type co, and (iii) 0 < A, <p if cji is of finite 
type. 
The right-hand side of (3.6) is said to be a V,-commutator representation 
of w. When all of the qi = 0, then w is said to be strongly Vk-commutator 
representable and we refer to the right-hand side of (3.6) as a strong V,- 
commutator representation of w. 
Having given Definition 3.4 we are ready for 
LEMMA 3.4. Let c be a basic commutator. Then c is I-commutator represent- 
able. 
The lemma holds trivially for D(c) < p by Definitions 2.1 and 2.3. Hence, 
it is sufficient to establish the following proposition. If  the lemma holds for 
all basic commutators < the fixed basic commutator, d, which # 1 in G and 
is not an I-commutator, then it also holds for d. But this proposition is easily 
proven by the induction hypothesis, by Lemmas 3.1, 3.2, and 3.3, and by 
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standard techniques of the commutator calculus [S, 111 in two mutually 
exclusive cases: (I) At least one among cL and cR is not an I-commutator; 
and (II) c is F-simple, c is not I-simple, cL is I-simple. 
Having discussed the proposition we proceed next to 
LEMMA 3.5. Let c be an I-commutator. Then c is strongly fundamental- 
commutator representable. 
Every I-simple commutator is strongly fundamental-commutator repre- 
sentable by the generalizations of [I& Lemmas 4.4 and 4.51 to the case where 
G has generators of ordersp or co. The truth of Lemma 3.5 follows then from 
the collection process [5, 7j. 
At this point we are ready for 
LEMMA 3.6. Let c be a basic commutator. Then c is fundamental commutator 
representable. 
This lemma is a consequence of Lemmas 3.1, 3.3, 3.4, and 3.5. 
To arrive at Theorem 3.1 through the use of Lemma 3.6, we express the 
elements of G, by basic commutators as follows: Let c,, , cU+r ,..., c, be the 
basic commutators of dimension 7t. Let g, , g, be as in the statement of 
Theorem 3.1. Let Y = (application of Lemmas 3.1 and 3.6 and by known 
techniques of the commutator calculus [5, 11, 181.) We observe by Y that 
G = G,IGn+1 consists of the images (under G--f G/G,+J of all words 
Y 
I7 = n c:*, g,” or g,‘*. 
i=rr 
(3.7) 
But n;+, c;” =17,h,+, by P’, where n1 is a fundamental commutator 
representation of the element 17 E G, and h,,, E G,,+r . Thus, Gn consists 
of the images of the elements 
n 19 L?lA or g2”‘. (3.8) 
But the elements (3.8) are by Definition 2.3 words in G-simple commutators. 
Note that the G-simple commutators are free generators of the subgroup that 
they generate [2]. The group generated by the elements (3.8) is thus a free 
group G, [5, II] and G,, is obtained from G,, by imposing the relations that 
all elements of (G, n G,+J + 1. This procedure evidently yields Theorem 
3.1 by Y. 
(d) The Rank of Gn 
Our task of finding a formula for the rank of a factor group GS = (G,/G,+r) 
consists of three parts: (I) We first derive Lemma 3.9, which gives Nun , the 
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number of G-simple commutators of a fixed dimension n > 1; (II) making 
use of Lemma 3.9, we obtain formula (3.23) for N,, , the number of funda- 
mental commutators of dimension n; and (III) combining (3.23) with Theo- 
rem 3.1 we finally arrive at the rank of Gn in Theorem 3.4. 
Now start the derivation of Lemma 3.9 by recalling Definition 2.1. It says 
that the commutator (*.(p, , cj,) ,..., Q,) is G-simpe and of dimension n > 1, 
if and only if the subscripts jl ,js ,..,, j, are in special sets of n-tuples of 
integers. To find the number of these commutators we therefore first describe 
these sets and then count their distinct elements. For this purpose we require 
the additional notation given in (3.9) below as well as Definition 3.5: 
Jz9 = (1, 2,..., Y} 
@i = {n#-1 + 1, ?Zi-1 + 2,*.., ?ri} fori= 1,2,...,s 
gi- = (1,2,***, n{-r} for i = 2, 3,..., s 
9i+ = {Iti + 1, ?Zi + 2,.**, ?Ze} fori= I,2 ,..., S- 1. 
W) 
(To understand (3.9), we refer to (2.2).) 
DEFINITION 3.5. The n-tuple Yn = {kr < k, < **+ < R,} E JS’,,~ 
(i = 2, 3,..., S) provided: 
(i) Each k, E SY, 
(ii) at least one among the KU’s E ai , 
(iii) at least one among the KU’s E gBI,- , 
(iv) if w E a occurs t -times in Yn and if the generator c, of G has order 
p, then t <p. 
It is evident that Definitions 2.1 and 3.5 imply 
LEMMA 3.7. Let c = (...(cj,, q),..., c,,) be a G-simple commutator of 
dim0zsion 72, let i (i = 2, 3 ,..., s) be such that 0 < niel <j, < ni < Y. The 
reordering {k, < h, < ... < h,} of { jI , jz ,..., j,> E A& . On the other hand, 
zf Fm = {h,, < h,, < ... < R,,} E dni , let jlI be the largest element of 9% 
with E SYi , let jzl be the smallest element of Fm , and for n > 2 let j,, < jel < 
... <j,, be a reordering of the other elements of Fn . Then d = (...(cj,, , q,),..., 
cj,,) is a G-simple commutator of dimension . 
Lemma 3.7 immediately yields 
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LJTMMA 3.8. Let Noni be the number of n-tuples in J&. Then 
Nm = i Nsni . (3.10) 
62 
To determine the Ngn we must therefore first obtain formulas for the Ngnr 
for which we will consider subsets V C a. Let N,(Y) be the number of 
n-tuples 5QV”) = {k, < k, < ... < k,} such that: (i) k, E V; and (ii) if D E V, 
O(cJ = p and v  occurs t-times in Fn(V), then t < p. By Definition 3.5 we 
easily find that 
Ngni = N,(g) - Nn(gi+ U gi) - Nn(si+ U gi-> + Nn(gj+) 
for i = 2, 3,..., s - 1 (3.11) 
= N&i?) - N,(c@,) - N&8-) for i = s. 
To evaluate the NQni we proceed to derive expressions for the N,(Y) in the 
following paragraph. 
Let V consist of the integers j r , j 2 ,..., j, such that v  among the generators 
Cjl 3 Cj 2 >*..Y cjU of G have order p where 0 < v  < p. Let 
y'"+x2+...+p1=1- 1 
l-x 
z = x + x2 + *-- + xm + **- l 1 =l--x-- * 
(3.12) 
If  v  > 0, let V’ consist of those integers jk (1 < k < CL) such that O(Q = p; 
if v < p, let Y” consist of those integers j, such that O(cik) = co. Let 
N,i(V; 7, 5) be the number of n-tuples F,,(V) = {kl , k, ,..., k,} such that: 
(i) .Y,,( Y) contains T + 5 distinct integers, (ii) 7 of them are given integers of 
Y’ for v  > 0, and (iii) 5 of them are given integers of V” for p - v  > 0. 
Then N&V; 7, 5) is the coefficient of x” in y?sr . Hence if N,(V; 77, t;) is 
the number of n-tuples FJV) such that precisely 7 distinct integers of V’ 
and 1 distinct integers of V’ occur among the integers of Fn(Y), then 
NV@-; 772 5) = $ (3 (” ; “) [-& (YW] IQ o * (3.13) 
Summing over 7 and 5 we finally conclude that 
=i! dx” l xl- w +r)” (1 + 4”l Ino - (3.14) 
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However, to apply formula (3.14) we require the additional notation of: 
DEFINITION 3.6. m,, = us = n, = 0; ui = the number among c, , cs ,..., 
c,,~ [see (2.2)] of order p; and mi = the number among c,, cs ,..., c,$ of 
order 03. (Here i = 1, 2 ,..., s.) 
Combining (3.10), (3.1 l), and (3.14) we finally obtain 
LEMMA 3.9. 
for n = 2, 3,4 ,..., where 
U(x) = 1 + (1 + y)U” (1 + z)m, 
(3.15) 
(3.16) 
x (s - 1) - f: (1 +y)-b%-l) (1 + I)-(-%-l)] . 
k=l 
We are now ready to make use of Lemma 3.9 to find a formula for N,,, 
by the methods of Witt [S, 11, 201 and Meier-Wunderli [5, 121. We start 
this part of our investigation with 
LEMMA 3.10. Let N6, be the number of distinct words 
WlW, -** w, (3.17) 
in G-simple commutators, wi , of dim-ension >l such that & D(w() = n. Then 




Lemma 3.10 is evidently an immediate consequence of Lemma 3.9 by 
virtue of the following two facts: (a) Non is the coefficient of xn in U(X); and 
(b) U(0) = (dU/dx)l,,,, = 0. 
As the next step in our procedure for finding a formula for N,,, we apply 
the “bracketing process” to the words (3.17) in the manner of [5, Theorem 
11.2.11. For this purpose we require the auxiliary: 
DEFINITION 3.7. A product of fundamental commutators 
Cifi, *** ci, (3.19) 
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will be called a “fundamental product” of weigt n if ci, < ci, < *** < tip for 
k > 1 and if C,“-, D(Q,) = n. 
Replacing “basic product” by “fundamental product” in the proof of 
[5, Theorem 11.2.11 and recalling Definitions 2.3 and 3.7 and Lemma 3.10, 
we easily obtain 
LEMMA 3.11. Let n > 0. Then N,,,, = the number of distinct fundamental 
products of weight n. 
But the number of such fundamental products is known to be the coefficient 
of xn in the infinite product nz=, (1 - ~)-~fm, where NI, = the number 
of fundamental commutators of dimension m. (This fact is shown in the 
proof of [l 1, Theorem 5.1 l] for a product +a$ *. * x2 of basic Lie elements.) 
Thus, Lemmas 3.10 and 3.11 imply that 
[l - U(x)]-1 = ;a [U(x)]” = fi (1 - P)--Nfm. (3.20) 
m=2 
Taking logarithms of both sides of (3.20), we find by a simple computation 
that 





for n = 2, 3,.... Let p(K) be the Mobius function defined for k = 1, 2,... by 
the following rules: (1) r(l) = 1; and (2) if n = ppp’,z **a pf:, where the pi 
are distinct primes and the ei are positive integers, then p(n) = 0 if any 
et > I, but p(n) = (-l)* ‘f 11 I a ci = 1. Applying the well-known Mobius 




for n = 2, 3,... where the ffk aregiwen by combining (3.12), (3.16), and (3.22). 
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Recall Theorem 3.1 and observe that Theorem 2.2 is the special case of 
Lemma 3.12 in which G is the free product of direct products of cyclic 
groups of infinite order. 
Combining Lemma 3.12 and Theorem 3.1 we now determine the rank, 
R, , of each factor group, c,, . 
THEOREM 3.4 Let p(n) be the largest integer such that n - [p(n)] (p - 1) > 1. 
Let R,” be the rank of gm, given by Theorem 2.2. Then R, = Y and for n > 1 
Rn = f [ [k,Ln;pMl&‘(n - i6p - “))(, _ ;;- 1,)/l -Rh-I)] +RE i=O 
k>l (3.24) 
where the c+ are given by combining (3.12), (3.16), and (3.22). 
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